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Using the new scalar and vector degrees of freedom derived from
the non-linear gauge condition (∂  D)(∂  A) = 0, we show that the
effective dynamics of the vector fields (identified as “gluons”) in the
stochastic vacuum defined by the scalars result in the vector fields
acquiring a mass. We also find the vector fields losing their self-
interactions.




The non-linear gauge condition
(∂ D)ab(∂ Ab) = (D  ∂)ab(∂  Ab) = 1
2
[(D  ∂) + (∂ D)]ab(∂  Ab) = 0, (1)
was proposed by the author[1] as a generalization to the Coulomb gauge
because the non-linear sector of (1), i.e., those congurations that satisfy
∂  Aa = fa(x) 6= 0, cannot be gauge transformed to the Coulomb gauge[2].
Subsequent papers established that:
(a) The gauge condition interpolates between the Coulomb gauge (with
transverse elds in the short-distance regime) and the quadratic condition
(with the new scalar and vector elds) in the large-distance regime[3].
(b) The gauge condition can no longer be extended to that with higher
orders of the Fadeev-Popov operator, i.e., (∂ D)n(∂  A) = 0 for n = 2,... is
not consistent[3].
(c) The eective action of the scalar degrees of freedom is innitely non-
linear and a stochastic treatment of a class of classical congurations, those
that are spherically symmetric in 4D Euclidean space-time, leads to the lin-
ear potential and the area law behaviour of the Wilson loop[4].
(d) The full quantum treatment of the scalar degree of freedom shows that
its dynamics is equivalent to that of a 2D O(1,3) non-linear sigma model[5].
In this paper, the dynamics of the vector eld, which we will identify as
the \gluons", in the stochastic background dened by the spherically sym-
metric scalar will be considered. We will show that the \gluons" will acquire
a mass and become non self-interacting.
This paper is then arranged as follows: In Section 2, we give the basic
equations that govern the new degrees of freedom derived from the non-linear
gauge. Section 3 focuses on the eective dynamics of the \gluons" and derives
an expression for the mass. Section 4 concludes with a comparison of the
ideas presented here and those found in the literature.
2
2 The Dynamics of the New Degrees of Free-
dom
Consider SU(2) Yang-Mills in 4D Euclidean space-time. Field congurations
that satisfy equation (1) with ∂  Aa = 1
g`2
fa (` introduced for dimensional
reason) can be decomposed as:
Aaµ(x) =
1
(1 + ~f  ~f)(δ




b + tbµ), (2)
where fa and taµ are the new scalar (dimensionless) and vector (dimension 1)









(1 + ~f  ~f)2
[abc + abdfdf c − acdfdf b + fafddbc
− fa(1 + ~f  ~f)δbc − f c(1 + ~f  ~f)δab]∂µf btcµ = 0, (4)
which make the number of degrees of freedom tally with those of Aaµ.






µν(f ; t) + gQ
a
µν(f ; t), (5)
where Z, L and Q are all functions of f and zeroth order, linear and quadratic













and the coecient functions are
Xabc =
1
(1 + ~f  ~f)2 [−(1 + 2
~f  ~f)abc + 2δabf c − 2δacf b




(1 + ~f  ~f)(δ
ab + abcf c + faf b), (10)
Y abc =
1
(1 + ~f  ~f)2 [−(
~f  ~f)abc + (1 + ~f  ~f)faδbc − (1− ~f  ~f)δacf b
+ 3cadfdf b − 2faf bf c + abdfdf c + fabcdfd], (11)
T abc =
1
(1 + ~f  ~f)2
[abc + (1 + ~f  ~f)f bδac − (1 + ~f  ~f)f cδab
+ abdfdf c + fabcdfd + adcfdf b]. (12)
Note that in the Coulomb gauge limit (fa = 0), taµ = A
a
µ and equations (2)
to (12) consistently reduce to the Coulomb gauge results.
The pure f dynamics suggests non-perturbative physics because the ki-
netic term is (∂f)4 and its action is  1
g2
and innitely non-linear. This
intuition was veried in reference (4) where it was shown that a stochastic
treatment of a class of classical congurations, i.e., those that are spherically
symmetric in 4D Euclidean space-time leads to the linear potential and the
area law behaviour of the Wilson loop. Full quantum treatment of the scalar
elds, on the other hand, leads to dimensional reduction as the scalar dy-
namics was shown to be equivalent to a 2D O(1,3) non-linear sigma model
via the Parisi-Sourlas mechanism.
Before we proceed in the next section with the discussion on the eective
dynamics of the \gluon" eld (the quotes allude to the fact that we deal with
SU(2) and refer to taµ), let us point out some new perspectives on the pure f
dynamics.
First, the class of classical congurations, the spherically symmetric con-
gurations ~fa(x), not only satises
δSf
δfa(x)
jf˜ = 0, (13)
but also
Zaµν(

















and Xabc is anti-symmetric with respect to b and c. This
means that Sf has a broad minimum in the function space of the scalars.
It also means that all the spherically symmetric scalars are elements of the
classical vacuum. It is not apparent if the spherically symmetric functions
exhaust all classical congurations or the classical vacuum.
What is intriguing about the result of reference (4) is that the linear
potential follows from a stochastic treatment of vacuum congurations with
zero eld strength Zaµν . Is there a simple way to understand this result? One
argument is that the stochastic vacuum congurations reduce the dimension
of space-time from 4 to 2 resulting in a linear potential. This was conrmed
in reference (6) where the full quantum dynamics of fa was shown to be
equivalent to a 2D O(1,3) non-linear sigma model.
The second comment has to do with the 2D O(1,3) non-linear sigma












φ2 − ~f  ~f = 1. (17)
This hints of string physics, albeit only a 3 + 1 string (φ  xo, ~f  ~x)
with unit length. Also, this string is automatically Lorentz invariant because
of O(1,3) symmetry. In essence, the full fa dynamics suggests a Lorentz
invariant 3 + 1 string theory.
3 The “gluon” in the vacuum defined by scalars
In equation (2), we will consider the \gluon" taµ in the vacuum dened by
the spherically symmetric scalars ~fa(x), where x = (x  x) 12 . The resulting
expansion is not the usual background decomposition given by
Aaµ =
~Aaµ[
~f ] + taµ, (18)
as can be seen from equation (2) because taµ is coupled in a non-trivial way
with ~fa(x). Equation (3) was used in reference (5) to derive the linear po-
tential by assuming a white-noise distribution for the spherically symmetric
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~fa(x). Equation (4) on the other hand, will lead to the gauge condition
xµt
a
µ = 0, (19)
which is known in the literature as the radial gauge[6],[7].
Using equations (5) to (12), we nd that the eective dynamics of taµ in































where we used equation (19) and the coecients are given by
R
ab( ~f) = Rca( ~f)Rcb( ~f), (21)
S












abc( ~f) = Rda( ~f)T dbc( ~f), (24)
T
abcd = T eab( ~f)T ecd( ~f). (25)
From equation (20), the equation of motion for taµ is:
δSeff
δtaµ(x)
= Rab( ~f)22tbµ + M
ab( ~f)tbµ + N
ab
µν(

























ν − tcνtdµ) = 0, (26)
where
M








































































To derive equations (26) to (29), integration by parts and equation (3) were
used. The last three terms are interaction terms of the vector elds in the
presence of the ~f . The rst three terms give the propagation of the \gluon"
in the vacuum dened by ~f . The fourth is taµ independent and acts like a
source term.
At this point, the dynamics seem unwieldy. However, since all spheri-
cally symmetric ~fa(x) are vacuum solutions, we should average over all these












a(s)f˜a(s) = 0. (30)
where ` was introduced for dimensional reasons.
We will discretize the integral in the exponent by∫ 1
0






















where m and n are integers, σ = ∆s
`




2 is the normalization
factor, the products of which for all s values give the overall normalization
N found in equation (30). Equation (33) is evaluated using integrals derived










where Reβ > 0 and arg σ < pi
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2 )7 + ...]. (35)
The evaluation of the averages of the terms given by equations (21) to (29)
is simplied by assuming that ~fa(x) has continuous derivatives at least up
to the second order (because Zaµν  d
2f˜a
dx2












After a tedious computation, we nd














These results follow in the limit σ ! 0. Equation (37) says that the \glu-
ons" are no longer self-interacting and are not driven by an external force.











As it stands, this mass is divergent as σ ! 0.
To make sense of this result, note that the divergence as σ ! 0 is a
continuum eect, i.e., we are considering the action of an innite number
of classical congurations ~fa(x) on the \gluons". To see how to get a nite
















































































Note that r2 above actually represents ~fa(x) ~fa(x) for each space-time point
xµ with x = (xµxµ)
1
2 . Since we are accounting for an innite number of
classical congurations, we can only get a nite value for the mass by limiting
the r integral to nite value .
Note that  is dimensionless like σ and limiting r = ( ~f  ~f) 12 to a sphere
of radius  limits the vacuum congurations that influence the \gluon" dy-
namics. Aside from changing the upper limit of the integrals in equation (41)
from 1 to , we also change N() = 4
3







































































factor in equation (42) comes from the fact that Mab  (df˜
ds
)2, which
when discretized gives ( 1
∆s
)2. Extracting the most divergent term ( σ−2),


















































and n = 0, 1, 2.... Taking ` to be of the order of the connement length (
fermi) and using the \experimental" value of mg, we can solve equation (44)
for  = (σ). The lowest non-trivial value of (0) will be determined from
a() using either n = 0 or n = 1. The other n values represent the other
states of the vector eld and the spacings of these states easily follow from
equations (44, 45, 46).
Finally, we note that even in the nite function space of ~fa(x) (restricted
to the sphere k ~fk =  12 ), the \gluons" still lose their self-interactions. This is




averages will not have a σ−2 factor. Since the integrals are of the same terms
as those found in Mab, once we x the m2g value, the hUabcif˜ and hTabcdif˜ go
to zero by factor of σ2.
4 Conclusion
In this paper, we argued that the class of spherically symmetric ~fa(x) (in
R4) form vacuum congurations with zero action. Then it was shown that
by treating ~fa(x) as stochastic, the eective dynamics of the \gluons" in
this background result in the vanishing of the \gluon" self-interaction and
generation of its mass.
It is apparent that the class of spherically-symmetric zero eld strength
(Zaµν = 0) vacuum congurations that produced the linear potential and
\gluon" mass is in disagreement with current ideas on the nature of the
QCD vacuum. In the 1970’s and early 80’s, Pagels and Tomboulis[9], and
Savvidy[10] showed that a non-zero eld strength conguration has lower en-
ergy than the zero eld strength conguration. Unfortunately, the eective
Hamiltonian has an imaginary part which signals instability and eventual
decay to the trivial vacuum.
About the same time the concept of condensates[11], (in particular, the
h0 j F 2 j 0i 6= 0), supports the idea of a vacuum with non-zero eld strength.
Obviously, the ideas presented here and the condensate result are contradic-
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tory. Or are they?
Note that the decomposition of the original Aaµ given in equation (2) shows
the scalar eld fa inextricably linked to the taµ and not in the usual back-
ground decomposition Aaµ =
~Aaµ + t
a
µ. When we expand the eld strength, we
get equation (5), which shows taµ interacting with f in a non-linear manner.
The vacuum congurations dened by fa, which are the class of spherically
symmetric congurations ~fa(x), have vanishing Zaµν . The non-zero conden-
sate h0jF 2j0i involves Laµν and Qaµν , i.e., it also reflects the taµ dynamics. Thus,
the ideas presented here and that of the non-vanishing condensate are not
necessarily contradictory.
Finally, we make the following observation about the non-linear gauge.
The non-linear gauge condition, as already stated, interpolates between the
Coulomb gauge (with weakly interacting transverse gluons at the short-
distance regime) and the quadratic regime (with fa and taµ as degrees of
freedom, which accounts for connement and the mass for the vector eld
in the long-distance regime). This assumes that the coupling runs, implying
that the non-linear gauge is essentially a quantum gauge condition. This
is an unusual way to x the gauge. Normally, the gauge condition repre-
sents a xed submanifold in conguration space regardless of the distance
scale of the physics. The non-linear gauge, on the other hand, denes a
quadratic submanifold, which, depending on the coupling, will highlight ei-
ther the transverse degrees of freedom of the vector eld or the scalar fa
and the vector eld taµ. At this stage, this is put in by hand. It would be
interesting to derive this consistently along with the running of the coupling.
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